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We discuss a possible explanation of the hierarchy problem within the theories with 
spacetime dimensions higher than four. We show that the presence of relatively 
(not hierarchycally) large extra dimensions can significantly alter the evolution of 
the Higgs field VEV, driving it to an infrared stable fixed point ~ My/ . Such a be- 
haviour results in self-organizing criticality and naturally explains gauge hierarchy 
without any fine tuning of the parameters. 



1 Introduction 

During the last few years a new explanations to the familiar hierarchy between 
the fundamental high energy scales (say, the Planck scale Mpi w 10 18 GeV) 
and the electroweak fcale Mvi/ ~ 100 GeV have been proposed within the high 
dimensional theories cH3. These scenarios for solving the hierarchy problem are 
radically different from those usually attributed to the supersymmetry or to 
the dynamical symmetry breaking and explore the fact that the mass scales 
can be. significantly altered due to the geometry of extra space. The scenario of 
Refs. □ utilize 8 extra compact dimensions with large compactification radii r n 
(n = 1, S) in the factorizable, M 4 x N 6 , (4 + (5)-dimensional spacetime where 
all known particles and interactions (except the gravity) are localized on a four- 
dimensional hypersurface M (3-brane). Assuming then that the fundamental 
high-dimensional scale M* is just an order of magnitude or so larger than 
the electroweak scale M\y, the apparent weakness of gravity (or as it is the 
same, the heaviness of the Placnk mass Mpi) in the visible four-dimensional 
world (M 4 ) is explained due to the large volume V N s of the extra-dimensional 
submanifold N s : 

M 2 Pl =M 5 + 2 V N5 . (1) 

The scenario of Ref. i deals with a 5-dimensional non-factorizable AdS^ space- 
time where two 3-branes located at the S 1 /Z2 orbifold fixed points of the fifth 
compact dimension. Now the weakness of gravity in the visible world 3-brane 
is explained without recourse to large extra dimensions, but rather as a result 
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of gravity localization on the hidden 3-brane. Gravity localization in such 
scenario occurs because the five-dimensional Einstein's equations admit the 
solution for the space-time metric with a scale factor ("warp factor") which 
is a falling exponential function of the distance along the extra dimension y 
perpendicular to the branes^j: 

ds 2 = e- 2k ^dx 2 1+3 + dy 2 , (2) 

Thus, graviton is essentially localized on the hidden brane with positive tension 
which is located at y = fixed point of the S 1 /Z2 orbifold, while the Standard 
Model particles are assumed to be restricted on the visible brane with negative 
tension which is located at y = 7rr c (r c is the size of extra dimension) orbifold 
fixed point. So, a hierarchically small scale factor generated for the metric 
on the visible brane gives an exponential hierarchy between the mass scales of 
the visible brane and the fundamental mass scale M*, after one appropriately 
rescales the fields on the visible brane. 

The crucial point of any successful solution of the hierarchy problem is 
a stability of the hierarchy under the radiative corrections. For the scenarios 
described above, the question of quantum stability is translated to the problem 
of the stability of radii of extra dimensions. Indeed, while the scenario of 
Refs. □ does eliminate the Planck/weak scale hierarchy, it introduces a new 
the same order hierarchy between /i c (fj— = 1/R C , where R c is a radius of 
extra dimensions) and Mw, ~ ff^"- Thus the stability of large extra 
dimensions remains as a critical question. The radius stabilization is also 
crucial for the scenario of Ref. 13, although the hierarchy needed in this case 
is relatively small, /i c /Mp; ~ 10 _1 -j- 10 2 ^]. Several proposals to solve this 
problem have been discussed in the literature (for some of them, seeu). 

Here we would like to suggest an alternative mechanism for the solution 
of gauge hierarchy problem in higher dimensional theories with relatively large 
radii extra dimensions!!]. We explore an old idea of "self-organizing criticality" 
proposed in Refs. EQ The idea is the following: The electroweak scale Mw in 

^Another remarkable thing offered by such a solutions is the possibility to reproduce the 
four-dimenmeiial Newton's law in our universe even with infinitely large (non-compact) extra 
dimensions 

c Another deficiency of this model is the ad hoc fine tuning required between the cosmological 
constants in the bulk and on the 3-branes, in order to obtain the desired solution (^). The 
stability of such fine tuning seems also to be problematic. 

d Basically, the concept of self-organizing criticality where a certain dynamical systems drive 
themselves tana critical state over the wide range of length and time scales has been intro- 
duced in Refcl and subsequently applied to a various systems starting from the multi-sca4« 
structure of the natural world and ending by the economic and living systems (see e.g. Ref£3 
and references therein). 
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the SM originates from the spontaneous electroweak symmetry breaking and 
thus essentially determined by the vacuum expectation value (VEV) of the 
scalar doublet field < (j) >« 174 GeV (Mw ~< <t> >) which is an order param- 
eter for the electroweak phase transition. So the question why the electroweak 
scale is so small compared with the fundamental high energy scales can be re- 
formulated: Why is the SM near the phase transition?, or: Why is the system 
near criticality? A natural solution to the hierarchy problem then is possible 
when the system is in a situation of self-organizing critically, i.e. when it is 
near criticality not only for a particular tuning of theory parameters (scalar 
mass, self-interaction coupling, etc... ) at high energies, but for a wide range 
of them. Thus the self-organizing criticality is possible if there are an infrared 
fixed-points (at least approximate) in the evolution-.of a certain parameters 
and is closely related to large anomalous dimensionsH. Indeed, let us consider 
the evolution equation for the renormalized VEV vp of the scalar field: 

where A is an anomalous dimension which generally depends on the running 
parameters of the theory (self-interaction couplings, scalar-fermion Yukawa 
couplings, gauge couplings, etc.)and /i is an energy scale. In the limit of 
constant A the solution to (ph can be easily found: 



v 2 R {M w ) = (MwX 
v 2 R {M Pl ) \MpiJ 



(4) 



It is evident from (|4|) that for A = 2 the ratio Vr ^ exhibits infrared stable 
fixed point behaviour, that, even for a naturally expected large values of the 
VEV at high energies v R (Mpi) ~ Mpi), could lead to a large desired hierarchy 
at low energies. 

However in four dimensions, A > 2 is highly undesirable, since anomalous 
mass dimension A, being proportional to coupling constants, is usually <C 1, 
unless some of the couplings (Higgs self-interacting coupling or/and Yukawa 
couplings) are non-perturbative below the scale Mp;, or there is an unrealis- 
tically large number of degrees of freedom ensuring A > 2 U. Needless to say, 
that it is very difficult (if ever possible) to construct a realistic model obey- 
ing such conditions. In higher dimensional theories, however, the situation is 
drastically changed. The point is that, owing to the power-law (in contrast 
to the logarithmic in four dimensions) evolution of the theory parameters, the 
Higgs vacuum expectation value (VEV), while being of the order of Mpi at 
high energies, rapidly decrease down to the infrared stable fixed point ~ Mw 
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even for the small values of A, thus naturally inducing a large hierarchy even 
in the case of SM with the ordinary number of colours and flavours. 

2 A toy model 

To be more quantitative, let us now a simplified-, example of the SU (.AO- 
symmetric Higgs- Yukawa system with N c colours u. Our starting action in 
D = 4 + S dimensions (6 is the number of extra compact dimensions) is 

Sa = J d A+5 [Z(A Q )d^+d^ - M 2 (A )<^ + ^A(Ao) (0+0) 2 

+ (/i(A )^i^fi + /i.c.)], (5) 

where <f> is an iV-component complex scalar field, ipL is an A^-component left- 
handed fermion field with N c colours and ip R is a right-handed SU(N/2)- 
singlet fermion with N c colours again. Z, Z^, and Z R in ([!]) are the field 
renormalization factors which we choose to be equal to 1 at the scale A . In 
the case of N = 2 and A^ c = 3 the action (|l]) is just the SM action in the limit 
of vanishing gauge couplings and Higgs- Yukawa couplings except for one type 
of quarks. 

Theory with action (Q) in higher dimensions (6 ^ 0) is known to be non— 
renormalizable, but it can be well defined by introducing an ultraviolet cut-off 
Ao, which is natural to identify with the fundamental Planck scale Mpi. At 
low energies onejCan consistently describe the theory using Wilsonian effective 
action approach El The basic idea behind this approach is first to integrate 
out momentum modes between a cut-off scale A and lower energy scale A, 
rather than to integrate over all momentum modes in one go. The remaining 
integral from A to zero may again be expressed as a partition function, but the 
bare action S\ (||) is replaced by a complicated effective action 5a (Wilsonian 
effective action) and the overall cut-off Ao by the effective cut-off A, in such 
a way that all physics, i.e. Green functions, are left invariant. The difference 
in 5a induced by the change of the cut-off is determined integrating "shell 
modes" with momenta between A and A + 5 A and for an infinitesimal 5A 
becomes a Gaussian path integral which can be exactly carried out. Thus, 
the scale dependence of the Wilsonian effective action is given by the exact 
functional differential equation 



(G) 



where 0[Sa] is a non-linear operator acting on the functional 5a. However, for 
the practical calculations it is inevitable to approximate the evolution equa^ 
tion (H). We have adopted here so-called local potential approximation E3 
with a sharp cut-off and have truncated the effective potential keeping only 
renormalizable terms up to </> 4 . In this approximation, defining the effective 
renormalized four-dimensional VEV v self-interaction A and Higgs- Yukawa h 
couplings through the five-dimensional renormalized parameters vr, Xr and 
Hr, respectively, a.s^ 



(2ttR ( 



) v Ri 



A = {2nR c )- 5 \ R , h = {2irR c )-th R , 



(7) 



we obtain eventually the following evolution equations (for more details see 
Ref.Q): 
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(10) 



where Kjj = ^_ r>%r(D/2) * s -D _ diniensional angular integral. Note, that by 
taking (5 = the set of Eqs. (8-10) correctly reproduces the familiar one-loop 
results of perturbation theory in four dimensions. The crucial role of the extra 
dimensions in solving the gauge hierarchy problem can be seen from Eqs. (8- 
10) even without performing numerical calculations. Indeed, ignoring for the 
moment the running of A and h, one finds from (0) 
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where ug 



Kd 
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-N c h +2~N C ^ 



The exponential factor in 



( |TT| ) can be naturally small in the case of extra dimensions (5^0) even for 
small (but positive) values of ujs , providing the desired hierarchy ^[j^] « 

e Here we assume that 8 = D — 4 extra dimensions are compactified on a circle of a fixed 
radius R c = — . The factor (2nR c ) 6 is just the volume of extra space appeared in the 

effective four-dimensional action after one integrates over the extra space. 
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jj^, while in four dimensions this ratio is of the order of 0(1 4- 10) unless 
luq = Aq > 2, that can, however, never be obtained in perturbation theory 
since for small couplings Aa is proportional to these couplings as already 
discussed above. 

Of course, the actual solutions of the set of Eqs. (8-10) is more complicated, 
since the Yukawa and self-interaction couplings also exhibit fast (power-law) 
running and the approximation of the constant A and h is very crude. We have 
analyzed Eqs. (8-10) numerically. The Yukawa coupling h rapidly decreases 
going down in the energy region between Mpi and /i c and drives to the infrared 
stable fixed-point h = 0. If the Yukawa coupling dominates over the A (h 3> 
A) then A at the same time increases for smaller energies, until A becomes 

—2 —2— 

large enough so that the terms proportional to A and h A cancel the term 
proportional to h in (^). Thus, A approaches the infrared stable fixed-point, 
A ~ h . At the same time, even starting with large initial values of v(Mpi) < 
Mpi, v rapidly decreases and below the [i c changes very slowly. Thus, for 
certain fi c and S the mean value of anomalous dimension Ag can be equal to 
2, which means that ^ ' has an infrared stable quasi fixed-point. Indeed, we 
have explicitly checked by solving numerically the system of Eqs. (8-10), that 
the ratio ^ is actually stable under the variation of the scalar VEV at 

Planck scale with X(Mpi) and h(Mpi) fixed. For example, for X(Mpi) = 0.2, 
h(Mpi) = 3, fi c = 10 16 75 GeV, S = 1 we obtain for the average value of the 
anomalous dimension between the scales Mpi and v 

{A) s (ln Ar rl f - Mm^^-) « . , * Mpi ■ (12) 

M pl J ln _^_ Mpi i + o.OSln^pg^ 

So, if v(Mpi) « Mpi, as it is naturally expected, (A) is close to 2, providing 
large stable hierarchy ^Mpi) ~ ^-^ ' 10 -15 . Thus, varying v(Mpi) by 10% 
around 10 17 GeV, we obtain {A) w 2.14 4 2.13 and v(v) = 157 4 190 GeV. 
Furthermore, requiring that A and h are within the perturbative regime (j- < 1 

and j- < 1) and that the relations (8-10) hold for the whole interval between 
Mw and Mpi , our toy model predicts the upper bounds on the physical masses 
of the scalar and fermion, respectively: 

m s < 73GeV, m F < lOOGeV. (13) 

It should be stressed that our solution to the gauge hierarchy problem does 
not require the extra dimensions to be large. In fact, the hierarchy ~ 
0.05 -j- 0.3 is enough to get the desired values of v at low energies, even starting 
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with naturally expected large values of v at M p i (v(M p i) ~ Mpi). Indeed, 
requiring that 17(174 GEV) = 174 GeV and A(174 GEV) = 0.25, h(174 GEV) = 
0.55, we have obtained numerically fi c = 10 16 75 , 10 17 30 , 10 17 51 GeV for S = 
1,2, and 3, respectively. 

3 Conclusions and outlook 

We have discussed here a possible explanation of the hierarchy problem within 
the theories with spacetime dimensions higher than four. We have shown that 
the presence of relatively (not hierarchycally) large extra dimensions can sig- 
nificantly alter the evolution of the Higgs field VEV, driving it to an infrared 
stable fixed point ~ Mw- Such a behaviour results in self-organizing criti- 
cality and naturally explains gauge hierarchy without any fine tuning of the 
parameters. 

Let us conclude with the following comments. It is clear, that more ac- 
curate calculations, related to an improved treatment of thresholds and con- 
tributions beyond the LPA approximation and truncation of the effective po- 
tential as well as higher loop corrections quantitatively alter (perhaps quite 
significantly) our predictions for particle masses in (|l^), but qualitatively the 
behaviour of the parameters seems to remain unchanged, thus providing us 
with a the natural solution of the gauge hierarchy problem as discussed above. 

The idea discussed here can be also applied to explain other observed 
hierarchies. The possible role of the fixed point solutions in generating the 
fermion maa^hierarchy within the high-dimensional theories have been already 
discussed iic3. It is interesting to investigate whether or not this mechanism 

an be applied for the solution to the cosmological constant problem as well 
. Finally, while we have demonstrated our mechanism for the solution of the 
gauge hierarchy problem on the simplified model of Higgs- Yukawa interaction, 
we find no reason why it can not work in the realistic models when a full 
set of the particles and forces of the SM or its extensions will be included. 
Moreover, several examples of nnnsupersymmetric unification through extra 
dimensions have been presented lj, so we believe that a unified model without 
the gauge hierarchy problem and consistent with present experimental data 
can be constructed. 
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